An accurate analytic theory is presented for the velocity selection of a two-dimensional needle crystal for arbitrary Peclet number for small values of the surface-tension parameter. The velocity selection is caused by the eftect of transcendentally small terms that are determined by analytic continuation to the complex plane and analysis of nonlinear equations. The work supports the general conclusion of previous small-Peclet-number analytical results of other investigators, although there are some discrepancies in details. It also addresses questions raised by a recent investigator on the validity of selection theory owing to assumptions made on shape corrections at large distances from the tip.
I. INTRODUCTION The problem of the growth of a needle crystal in a pure undercooled liquid in the absence of any boundaries has received considerable attention in recent literature. In particular, the growth of a steadily moving interface between solid and liquid has been studied using both analytical' and numerical methods. ' When surface tension is neglected, exact solutions with a parabolic crystal-melt interface were found earlier by Ivanstov.
These solutions form a degenerate set since for given undercooling and other experimental conditions, only the product of the tip radius of curvature and the steady dendrite velocity are determined in contradiction to experimental evidence ' which suggests that each of these are separately determined for given undercooling far ahead of the interface. This degeneracy is not unexpected since in the absence of surface tension, there is not enough dimensional information to predict each of these physical quantities separately.
When surface tension is taken into account, there is enough dimensional information to determine each dendrite velocity and tip curvature in terms of undercooling.
However, this need not imply that a solution exist in this case. Numerical evidence ' appears to suggest that such solutions do not exist if we neglect the effect of crystalline anisotropy.
Earlier, analytic study of phenomenological models ' ' of solidification, suggested that solutions do not exist when anisotropy is neglected. The mathematical equations arising out of one of the phenomenological models' has been rigorously studied by Kruskal and Segur. " They prove that in the limit of zero surface tension, these model equations do not have any physically acceptable solutions when crystalline anisotropy is not taken into account even though the equations admit solutions when surface tension is exactly zero. This extraordinary situation arises due to the effect of terms beyond all orders in an asymptotic expansion for small surface tension. Kruskal and Segur extend earlier methods ' for linear equations to extract transcendentally small terms in the asymptotic expansion of the solution to the third-order nonlinear ordinary differential equation that they study and show that the leading-order transcendental correction to a regular perturbation expansion fails to satisfy the condition on smoothness of the needle crystal right at the tip. However, when a term modeling crystalline anisotropy is included in the equations, a discrete set of solutions is found to exist~However, it is not clear to us that the simple model equations studied by Kruskal and Segur should faithfully reAect the properties of the actual needle crystal, even qualitatively.
In the limit of small Peclet number, Pelce and Pomeau' reduce the original integro-differential equation called the Nash-Glicksman equation ' Xu's analysis leading up to the expression for the ternperature field in terms of the shape function to find possible sources of error. This is currently under study.
In the meantime, we thought it appropriate to reconsider the easier 2D needle-crystal problem, where Xu' 
In (3) We now would like to simplify the integral expression on the right-hand side of (3). We will assume that for small do and fixed g, xR is small. However, as shown in the Appendix, the boundary condition that the nondimensional temperature on the interface approach 5, a constant, as g~+~can allow for the interface shape correction function xR to grow with g at a rate like g where s )0. Thus xz need not uniformly be small. However, it is reasonable to assume that xz& is small uniformly for all g, and thus from expression (4) for r on application of the mean-value theorem on the quantity z"=0 to (3). This is not immediately obvious on substitution of (11) into (3). However, Pelce and Pomeau have verified that (11) is indeed the solution to (3) provided the undercooling 6 is related to the Peclet number P by the relation x~(g) -xR (g ') it is clear that the deviation of I from ro is small for small dp for all g and g ', where (13)
Thus it is legitimate to linearize the right-hand side of (3) for any given P for sufficiently small do. If we subtract off the Ivantsov solution, we find that to linear order in xz on the right-hand side: 
7T (15) where denotes principal value integral.
Now for the Ivantsov solution, the nondimensional temperature within the crystal is a constant, 6, and and so
where (x,z) is now inside the crystal and
The partial derivative of the above expression with respect to x must be~ero, since the temperature within the crystal is uniform for the Ivantsov solution, when the curvature effects are neglected. On the other hand, if we take the derivative of the right-hand side of (16) with respect to x and approach the interface from the inside of the crystal we find that Pz e P fz(g'j -(g)] i d i+~0 (17) (1 +z ', ) Thus (15) can be further simplified as 
where Oo and «o are equal to the expressions (5) and (6) for t9 and~with the substitution xz =0.
We numerically calculated a smooth solution to (20) ' ) =Ko(r)+i vrIO(r) . (25) (26) Thus (23) 
From (20), in an analogous procedure, it is found that the analytical continuation of the leading-order regular perturbation solution z, (g)-: gx, (g) in the upper half complex g plane satisfies For a=O, i.e. , no crystalline anisotropy, the leadingorder asymptotic solution for small dp to the linear integro-differential equation (32) in the upper complex g plane away from the immediate neighborhood of the Note that the above is just the two independent WKB solutions to (32) with the right-hand side of (32) neglected. On substitution of (35) back into I4 and I~it is clear that these contributions are of smaller order in dp compared to other terms on the left-hand side of (32). We note that on the imaginary g axis in the interval (0, i) g2 is real and transcendentally small, while g& is transcendentally large. This is also true for a certain region in the complex g plane in the neighborhood of the imaginary axis in the interval (O, i) (sector I as sketched in Fig. 1 Fig. 1) . The boundary between these two sectors is called a Stokes line and is determined by the condition =0 .
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The sketch in Fig. 1 
where C stands for higher-order corrections with power dependence in dp. From now on, we do not bother to write C though such terms are present in the expression for zR and dominate the leading-order transcendental correction in dp which will be explicitly written down as they determine the velocity selection.
As (=0 is approached, the importance of the transcendental term arising due to the efT'ect (1) or a «1 provided P as defined by (59) is very much larger than unity. At the outset, we will be assuming that a is order unity. Later, scrutiny of the assumptions show that the final result is valid even for small a provided P is large.
In this case, the WKB solutions (54) 
where L is given by (55). The Stokes lines in this case are shown in Fig. 2 From the arguments similar to that of Sec. IV leading up to (40), it is clear that the appropriate condition for a smooth tip is that (67) be real on the imaginary g axis near /=0. Thus it is necessary that
which is negative because with the choice of branch, ArgL '/ varies continuously from 0 to 7r/2 as Arg(g -go) varies from 0 to -7r. Thus, from (68), we find that the condition of smooth tip implies that
where (see Table I where n is some positive integer. Note that the choice of a negative sign on the right-hand side of (72) follows from the sign of Equation (73) is the selection rule.
Equation (73) ' &s &0. Note that the 6 appearing on the righthand side of (A3) is related to P through (12). Thus the shape correction from the Ivantsov parabola can actually grow at~. The upper bound on C2 is not too restrictive since the function dxz /dg is expected to be small for do reasonably small, though the proof does not assume anything directly about the size of dp.
We will carry out the proof only for the symmetric dendrite, i.e. , when xz ( -g) = -xz (g) ' It is clear that the right-hand side of (A17) goes to zero as g~-~and thus u2 approaches zero as g'~-oo. 
